INTRODUCTION
As a mathematical model of the kinetic theory of gases, the Boltzmann equation, Ѩ f q¨и ٌ f s Q f, f , B Ž . Ž .
x Ѩ t describes the time᎐space evolution of the one-particle distribution func-Ž .Ž tion f x,¨, t complemented with appropriate initial and boundary condi-. w .
N N Ž . tion of time t g 0, ϱ , position x g ⍀ ; R , and velocity¨g R N G 2 for a simple monatomic gas of identical particles. The right-hand side of Ž . Eq. B is the so-called collision term, which describes the rate of change Ž . q Ž . of f due to a binary collision and takes the form Q f, g s Q f, g y y Ž . Q f, g , where 
R S
Ž . Ž . Ž Ž . Ž .. Of course, in Eq. B , Q f, f means Q f x, и , t , f x, и , t . In these Ž . expressions, the collision kernel B z, is a given nonnegative Borel < < <² :< function of z and z, only:
s arccos z z, . 
given by Q f s Q f, g and Q f s Q g, f ; 2 an observation that g g the adjoint operators of Q 1 , Q 2 have a similar structure of the type g g Ž ''generalized Radon transforms'' thanks to the specific nature of the . Ž . collision geometry ; and 3 the method of stationary phase and some facts w x from the theory of Fourier integral operators. Although the proof in 8 is very complicated, it contains some generality. For instance, following Lions' approach and combining an analysis on the collision geometry in w x the relativistic situation, Andreasson 1 extended Theorem L to the gain term in the relativistic Boltzmann equation. Note that in Theorem L the Ž . condition on collision kernels does not contain say the hard sphere Ž . w x model b r, s r cos . Of course, if we follow the method in 8 we may obtain the corresponding result for functions f, g which belong to some spaces smaller than L 1 or L 2 , but the proof still will be complicated. The w x first simpler proof of Theorem L was given by Wennberg 13 via Carleman's representation and weighted Radon transforms, which were also used to prove the following generalization of Theorem L:
. w x and assume that 1r2 -␤ F 1 and ⌽ is smooth and bounded on 0, r2
Ž .
Ž . Ž .
Here L R denotes the weighted L -space with the norm f : . y␤ Ž . w x that b cos ␤) 1r2 is smooth on 0, r2 . Note that the restric-Ž .
Ž . tion ␤ ) 1r2 for 1.4 corresponds to very hard potentials.
In this paper we give an essentially different and direct method to study the regularity of the gain term. In fact, instead of the gain operator Q q , we consider a general gain operator G given by
G F¨s
B¨y¨#, F¨Ј,¨# In Section 2 we give a general result on the Fourier transform of the Ž . Ž . gain term G F . By this result our investigation for the regularity of G F Ž Ž< <.. y1 is reduced to the estimation of the decay rate of a function M which is independent of F. In Section 3 we give some decay estimates on this function with two kinds of angular cutoff conditions. Then we prove in Ž . q Ž . Section 4 the regularity of G F and give several corollaries for Q f, g . In Section 5, we first describe the similarities and differences between our w x results and those by Bouchut and Desvillettes 2 . Then we present a w x simple method to extend a fundamental result of 2 concerning the case of w Ž< <. Ž .x separated variables i.e., the collision kernel B is given as a z b to the Ž . case of some general kernels 1.3 . 
Ž where S denotes the area of the unit spheres S ; R when n s 0 we
Ž .
For p s 1, 2, such weighted spaces are often used in this paper with Ž . different weights w r . To unify our proofs we always assume N G 3, but the frame used is applicable to N s 2. 
is actually a function of z , z , and ² : Ž< < < <. z, r z only,
To prove Theorem 1, we need two lemmas. Proof. Use coordinate rotation and the Fubini theorem. 
Lemma 1 again we obtain
' Since y , s 1 y , we have, for some u g S ,
Ž
. w Ž .x inner integral in 2.14 is equal to by 2.7
Ž . This together with 2.14 yield 2.12 . Equality 2.13 is obvious.
Proof of Theorem 1. First of all we know from the collision relation Ž .
2 that for any fixed g S the map¨,¨# ¬¨Ј,¨# is an orthogonal linear transform and satisfies
Since B¨y¨#, depends only on¨y¨# and¨y¨#, , part i Ž . follows from the Fubini theorem and simple changes of variables. Part ii Ž . Ž< < . Ž is a consequence of Lemma 2 by letting h s b z , for any fixed
x z / 0 , s r , and s s z . Part iii i.e. 2.9 is easily derived by 2 first using the Cauchy᎐Schwarz inequality to obtain
and then using the Fubini theorem and the Plancherel theorem. Ž .
q Now we prove part iv . Consider the positive operator G defined by
have, by the Fubini᎐Tonelli theorem and the Ž . Ž X . properties of¨,¨# and¨Ј,¨# mentioned above,
Ž the last integral in 2.15 is less than or equal to by Cauchy᎐Schwarz in-. equality
Then it is easily shown that
Therefore, first letting n ª ϱ and then letting k ª ϱ we obtain 2.9 by Ž . Fatou's lemma. Finally we prove 2.11 . This is equivalent to showing that 
18 together with the integral representation 2.6 and the Riemann᎐ Lebesgue lemma imply that for any r ) 0 and any g S Ny 1 ,
Ž . In addition, 2.18 also shows that the integrand in the right-hand side of Ž .
is dominated by the function r
A r r r g L 0, ϱ . There-Ž . Ž . Ž . fore 2.14 follows from 2.17 , 2.19 , and the Lebesgue dominated convergence theorem.
Ž . Theorem 1 shows that the regularity of the gain term G F is deter-Ž . mined by the decay rate of the function in 2.16 . An immediate applica-Ž< < . < < tion of this theorem is for the hard sphere model b z , s z cos with w Ž< < .xŽ . < < Ž . N s 3. In this case we have J b z , и , t ' z and so by 2.5 and Ž . 2.6 we obtain
If we choose r s 1 q r with k ) 5r2, then, since A r s 2 r, the Ž . Ž . condition 2.10 for N s 3 is satisfied. Thus by 2.20 we get for some
Ž . We end this section with two facts from Theorem 1 that will be used later.
Ž .
Ž . Ž . 1 Because of the condition A r -ϱ ᭙r ) 0 , the function Ž . Ž . Ž . K z, in 2.4 is well defined and so the integrals in 2.17 make sense Ž . Ž . and the equality 2.17 holds for all positive measurable functions r .
Ž . Proof. First we note that the second condition in 3.1 implies that 
we obtain 
, where the function b r, for any fixed r ) 0 is in m w x C 0, r2 and satisfies
N
Then for any measurable function r ) 0 on 0, ϱ and for all g R ,
To prove Proposition 2, we first prove three lemmas. If we only considered the case N s 3, these lemmas would not need to be introduced; Proposition 2 can be proven directly.
w .
k w x LEMMA 3. Let k be a positi¨e integer, g 0, 1 , and let g C 0, . Then
Ž . is bounded on R and so one easily obtains that
The estimates 3.12 and 3.13 then imply that 3.11 is bounded by n ny1 Ž .
< w xŽ .< 5 5 < < Ž . Ž .
and 2 m F N, it follows from 2.17 that m, w0, r2x
. which implies 3.7 and 3.8 since r r 1 q r F 1 q r r 1 q .
Ž .
q Ž .
REGULARITY OF G F AND Q f, g
Ž . w q Ž .x In this section the regularizing properties of G F therefore Q f, g s Ž N . Ž are given in H R for weak angular cutoff condition with small s ) 0, . Ž Ž using Proposition 1 and for smooth angular cutoff condition with s s N . .
For such spaces, the following elementary inequalities are often used:
As in the above sections, all positive constants C that appear in this section depend only on the kernels B, dimension N, and the given weights. Let B z, s a z b , where a r and b satisfy
for some constants C# -ϱ, 0 F ␣ -Nr2, ␤ G 0, and 0 -␥ -1. Let Ž . ) Nr2 q ␤. Then for any s satisfying
Remark. For the inverse kth power forces of interacting particles, the Ž . Ž w x. function b has a nonintegrable singularity at s r2 see 4, 12 :
Ž . The angular cutoff condition in 4.2 is referred to this model with integrable singularity.
wŽ .x Thus the conditions in Proposition 1 3.1 hold. Moreover, since 3.1
, it follows that A r F C r q r and so
This together with Proposition 1 imply 
Ž . For general collision kernel 1.3 with smooth angular cutoff we have the following theorem.
satisfying the angular cutoff condition in Proposition 2. Let Ž .
Ž . Ž . Ž . A r and A r be defined in 2.1 and 3.6 , respecti¨ely. Then we ha¨e
Ž . Ž . wŽ .x Proof. i By condition 4.6 and Proposition 2 3.8 we have
Ž . Ž . Thus 4.7 follows from 2.21 .
Ž .
wŽ .x ii The condition 4.8 and Proposition 2 3.7 imply the condition Ž .
and
Ž . Ž . Therefore 4.9 follows from part iv of Theorem 1.
q Ž . Remark. In this corollary, the regularity of Q f, g involves only the 2 Ž N . L R norm for f and g. In practice, the most important case is that
Ž . wŽ .x Suppose further that the function A r 3.6 satisfies
with constants C#, ␣, and ␤. Then we ha¨e
Ž . Thus 4.11 follows from part ii of Theorem 3 and the inequality 4.5 .
Ž . wŽ .x Ž . wŽ .x Ž . Next, by definition of A r 2.1 and A r 3.6 and the condition 4.10
Ž . which, together with 4.13 and 4.5 , yields 4.12 .
AN EXTENSION OF A NEW RESULT
In this section, we first compare our main results with those of Bouchut w x w x and Desvillettes 2 . Then we extend a new fundamental result of 2 concerning the case of separated variable kernels to a general case. Let us w x first introduce another representation of the gain operator G used in 2 :
Ž . where the new kernel B r, t has the following relation with the original Ž .
. w x For the case N s 3, it is proved in 2 that if B is continuous on Ž . w x 0, ϱ = y1, 1 , admitting a continuous derivative in the second variable, and satisfies for some constant K,
Ѩ t then for any ) 3r2, there exists a constant C s C such that for all
1 w x The method of the proof in 2 is similar to ours. The main difference is Ž . that in our results Theorem 3 and its Corollary 2 the smoothness Ž . condition is added on the angular variable for b r, rather than on thẽ Ž . variable t for B r, t ; in fact, the angular form of kernels makes our proofs Ž . relatively easy for general dimension N G 3 Lemmas 3᎐5 .
In previous sections we have shown that due to the specific structure of the gain operator G our investigation for regularizing properties can be simply reduced to the estimate of decay rate of a fixed function ¬ w Ž< <. 
here F is the Fourier transform of F in both variables. Assume that ␤
< < rs and so using the Cauchy᎐Schwarz inequality and elementary properties of w x Fourier transform, it is obtained in 2 that 
Let w r s a r , w r s a r , and w r s r a r . Then for all F g
Ž . n Ž . x R so that G F makes sense . Without this restriction, the left-hand Ž .
5 Ž .5 Ž Ny 1.r 2 N side of 5.2 should be understood as the limit of G F oḟ
5 any sequence F satisfying the condition in Theorem BD and F y n n
Now we extend Theorem BD to a general kernel. Ž . Ž . Now, using the Minkowski inequality to 5.6 we obtain 
